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The existence of maximal and minimal mixing angles in the neutrino mixing matrix motivates
the search for extensions to the Standard Model that may explain these angles. A previous study
(C.I.Low and R.R.Volkas, Phys.Rev.D68,033007(2003)), began a systematic search to find the min-
imal extension to the Standard Model that explains these mixing angles. It was found that in
the minimal extensions to the Standard Model which allow neutrino oscillations, discrete unbroken
lepton family symmetries only generate neutrino mixing matrices that are ruled out by experiment.
This paper continues the search by investigating all models with two or more Higgs doublets, and an
Abelian family symmetry. It is found that discrete Abelian family symmetries permit, but cannot
explain, maximal atmospheric mixing, however these models can ensure θ13 = 0.
PACS numbers: 12.15.Ff, 14.60.Pq
I. INTRODUCTION
The approximate form of the neutrino mixing matrix
UMNS =


cos θ12 sin θ12 0
− sin θ12√
2
cos θ12√
2
1√
2
sin θ12√
2
− cos θ12√
2
1√
2

 , (1)
has been determined by neutrino oscillation experiments (Majorana phases have not been included).
The mixing matrix, parameterised in the usual way, is formed by three very different mixing angles. The atmospheric
mixing angle θ23 has a maximal value of π/4 at best fit [1, 2, 3, 4], the solar mixing angle θ12 has been found to be
large θ12 ≈ 33◦ [5], but not maximal, by solar neutrino oscillation experiments [6, 7, 8, 9, 10, 11, 12], and the angle
θ13, measured by the non-observation of νe disappearance [13], is small and has only an upper bound and is set to
zero in Eq. (1). A special case of Eq. (1) is tri-bimaximal mixing, when sin θ12 =
1√
3
[14, 15, 16, 17], and θ13 is
exactly zero. Two out of the three angles in Eq. (1) assume extreme positions in parameter space – the minimum
possible value and the maximum possible value – so it has been suggested by many authors that this mixing pattern
is not accidental, but could be due to a family symmetry.
A. Family symmetry models
The symmetries of the Standard Model (SM) do not dictate the Yukawa coupling strength between each fermion
and the Higgs field. As a result, in the SM the charged lepton and neutrino mass matrices are 3 × 3 matrices with
each element a free variable. In the SM, Dirac mass matrices have nine free variables, and Majorana mass matrices
have six. Diagonalising the mass matrices generates the mixing matrix which can be any unitary 3×3 matrix. Family
symmetries constrain the form of the neutrino and charged lepton mass matrices by relating elements of the mass
matrix, or forcing elements to be zero, thus reducing the number of free variables in the mass matrix.
For a family symmetry to fully predict a mixing matrix, all mixing angles must be independent of the free variables
in the mass matrix, and must be prescribed by the form of the mass matrix. Mass matrices that can generate mixing
matrices in this approach have been called “form-diagonalisable” matrices [18]. This can happen when there are three
variables in the mass matrix corresponding to three unknown masses, and no free variables remaining for the mixing
angles. An example of a form-diagonalisable matrix is the circulant matrix which can be generated by a Z3 symmetry
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2[14]: 
 a b cc a b
b c a

 (2)
is diagonalised by
U =
1√
3

 1 1 11 ω ω∗
1 ω∗ ω

 (3)
where ω = ei2π/3 and has eigenvalues a+ b+ c, a+ ωb+ ω∗c, a+ ω∗b+ ωc.
The mixing matrix (Eq. (1)) may be created by partially form-diagonalisable matrices, where the zero and maximal
mixing angles are not related to any free parameter, and arise from the form of the mass matrices, while the solar
mixing angle may be related to a free parameter.
An Abelian family symmetry – individual lepton number U(1)Le ×U(1)Lµ ×U(1)Lτ – is conserved when neutrinos
are massless, but is broken when the three neutrinos gain different mass values. The special form of (1), and even
more so the particular tri-bimaximal case makes it conceivable that a remnant of this Abelian group remains unbroken
with massive neutrinos, constraining the mixing pattern. This further motivates the study of family symmetries, and
Abelian symmetries in particular.
Many models with family symmetries have been proposed. A number of these models [14, 19, 20] produce the
desired form of the mixing matrix, but use symmetries that cannot be easily incorporated into the SM as the left-
handed neutrinos transform in a different way to the left-handed charged leptons, thus breaking SU(2)L. Most models
that do preserve SU(2)L require additional fields such as singlet or triplet Higgs fields [21, 22, 23] or additional heavy
fermions [24]. The models with the least new particle content require a number of Higgs doublets [25, 26, 27], and
some soft symmetry breaking terms to generate Eq. (1).
It is clear that there are models that can produce Eq. (1), the question that this work addresses is what is the
minimal predictive model. The approach taken is to construct the simplest model, and find out whether the model can
generate the mixing matrix, or whether it can be ruled out. If it is ruled out, the next simplest model is investigated.
A previous study [18] began a systematic search to find the minimal extension to the SM that can generate the
mixing matrix form of Eq. (1), and found that for models with one SM Higgs doublet unbroken discrete Abelian
family symmetries cannot produce the matrix. In fact these symmetries can only generate mixing matrices that are
ruled out by experiment, or mixing matrices that are completely unconstrained by the symmetry. Non-Abelian family
symmetries are also ruled out as they dictate that the charged leptons are degenerate. The structure of the next
simplest model is a subjective question. I chose to study extensions to the SM with two or more Higgs doublets that
transform under an Abelian family symmetry. Abelian symmetries were chosen as the symmetry group could be a
subgroup of U(1)Le × U(1)Lµ × U(1)Lτ , and for simplicity. This case also differs from the single Higgs doublet case
as it is possible for the exact family symmetry to be spontaneously broken by the Higgs VEVs.
B. Outline
Section II presents the mathematics of family transformations, and shows how the mass and mixing matrices can
be constrained by the family symmetry transformations. Three neutrino mass generation mechanisms are considered;
left and right handed neutrinos coupling to the Higgs doublets to create a Dirac neutrino mass matrix, left handed
neutrinos coupling to the Higgs to form a dimension-5 operator, and the seesaw mechanism where the right handed
neutrinos get a bare Majorana mass. The types of mixing matrices that can be generated by an Abelian group are
described in section III. I find that it is possible for Abelian symmetries to dictate that θ13 = 0, and although the
symmetries permit all atmospheric mixing angles, the symmetries cannot specify that the atmospheric mixing angle
is maximal. Section IV lists group transformation matrices that give a mixing matrix with θ13 = 0. Section V draws
conclusions about these models and suggests other models and symmetries that may be more successful.
II. HOW HIGGS AND LEPTON FAMILY SYMMETRIES CONSTRAIN MASS AND MIXING
MATRICES
The following section describes how a single transformation can restrict the Higgs-lepton coupling matrices. For
a symmetry group of order n there are n of these transformations. However, if the Lagrangian is unchanged by a
3transformation X , it will also be unchanged by Xm, where m is a positive integer. For Zn, the group of the addition
of integers modulo n, the group is made up of the powers of one transformation, so a single transformation is sufficient
to describe the restrictions placed on the coupling matrices. For all other groups more than one transformation is
required.
A. The symmetry transformations
The family symmetry transformation matrices act on the different families of Higgs fields and leptons. The lepton
transformation is (
ℓL
νL
)
→ XL
(
ℓL
νL
)
, ℓR → XℓRℓR, νR → XνRνR, (4)
where ℓL, νL, ℓR and νR are each 3-vectors in family space, ℓL and ℓR are the vectors of left and right handed
charged leptons, νL and νR are the vectors of left and right handed neutrinos. Each X matrix is a 3 × 3 unitary
transformation matrix in lepton family space. To preserve SU(2)L, the left-handed neutrinos transform in the same
way as the left-handed charged leptons.
n families of Higgs fields transform via
Φ→ AΦΦ, (5)
where Φ =


φ1
φ2
...
φn

 is an n-vector in Higgs family space, containing all the Higgs fields, and AΦ is an n× n unitary
matrix.
B. Constraints on the Higgs-lepton coupling matrices from the symmetry
1. The charged lepton Higgs coupling term
The charged lepton-Higgs coupling transforms as
ℓL(Φ
0)TλℓR → ℓLX†L(Φ0)TATΦλXℓRℓR, (6)
where Φ0 is an n-vector in Higgs family space containing just the neutral component of the Higgs doublet. The term
(Φ0)T indicates a transpose in Higgs family space. λ is an n vector in Higgs family space, where each element of λ
is a 3× 3 Yukawa coupling matrix in lepton family space. Without any family symmetry the λ matrices can be any
3× 3 matrices, but the existence of the family symmetry constrains them by
λ = X†LA
T
ΦλXℓR. (7)
Note that XL commutes with Φ as XL acts only on lepton family space, and Φ is a lepton family singlet. The
charged-lepton mass matrix is made up of the matrices in λ:
Mℓ = (< Φ
0 >)Tλ. (8)
2. The Dirac neutrino Higgs coupling term
The Higgs field can couple to neutrinos in a number of ways. A Dirac neutrino coupling term transforms like
νL(Φ
0)†κDiracνR → νLX†L(Φ0)†A†ΦκDiracXνRνR, (9)
where κDirac is an n-vector in Higgs family space, made up of 3× 3 Yukawa coupling matrices in lepton family space.
Without the symmetry, the Yukawa coupling matrices can be any 3 × 3 complex matrices. Imposing the symmetry
the matrices are constrained by
κDirac = X
†
LA
†
Φ
κDiracXνR, (10)
which alters the Dirac neutrino mass matrix through
MνDirac = (< Φ
0 >)†κDirac. (11)
43. The dimension-5 neutrino Higgs coupling term
A dimension-5 Higgs-neutrino coupling term transforms like
1
Λ
νLΦ
†κΦ∗(νL)c → 1
Λ
νLX
†
LΦ
†A†
Φ
κA∗ΦΦ
∗X∗L(νL)
c, (12)
where κ is now an n×n matrix in Higgs family space, with each component a 3×3 symmetric matrix in lepton family
space. κ is constrained by the symmetry through
κ = X†LA
†
Φ
κA∗ΦX
∗
L, (13)
which consequently alters the mass matrix, defined by
Mν = (< Φ
0 >)†κ(< Φ0 >)∗. (14)
4. Higgs coupling terms for seesaw neutrinos
In the seesaw mechanism the right-handed neutrinos couple to form a bare mass term. The Higgs fields are not
involved, so the mass term transforms as
νR
cMRνR → νRcXTνRMRXνRνR. (15)
restricting the heavy right-handed mass matrix MR by
MR = X
T
νRMRXνR. (16)
The resultant light neutrino mass matrix, given by Mν =MDiracM
−1
R M
T
Dirac is affected by the symmetry through
the constraints on the heavy Majorana mass matrix and the Dirac neutrino mass matrix (listed in Sub.Sec. II B 2).
The seesaw case can be reduced to the dimension-5 operator case by relating
κDiracMRκ
T
Dirac = κ from dimension-5 case. (17)
κDiracMRκ
T
Dirac has all the constraints of κ, plus additional restrictions from the transformation of the right-handed
neutrinos.
C. Abelian groups create mass matrices with zero or unconstrained elements
The restrictions family symmetries have on mass matrices depend on the transformation matrices that are chosen.
If the set of matrices Xi form a group then Yi = U
†XiU form the same group, where U is any unitary matrix. Sets of
matrices related in this way are called equivalent representations. Appendix A shows that choosing different equivalent
representations for the lepton family symmetry transformations corresponds to choosing a different weak basis for
the leptons. The constraints on the masses and on the mixing matrix are identical for two different equivalent
representations. This makes it possible to eliminate groups, as each group has only a finite set of non-equivalent
representations.
This result simplifies the study of Abelian groups. As all Abelian groups are equivalent to a diagonal representation,
only these representations need to be considered. Since the transformation matrices must be unitary, the diagonal
elements are phases.
This makes the charged lepton restriction of Eq. (7) become
λij = (X
†
L)iiA
T
Φλij(XℓR)jj no summation, (18)
where i, j are lepton family indices.
This restriction means that λ1ij (the ijth element of the Yukawa coupling matrix for φ1) can be related to the
ij element of the other Yukawa coupling matrices. The symmetry however, does not relate an element of λ with a
different element of λ. If the ijth elements of all λ matrices are zero then Mℓij = 0, otherwiseMℓij will most likely be
non-zero, and unrestricted by the symmetry. However, if two or more ijth elements are related, and the Higgs VEVs
are related then there could be cancellation: Mℓij = λij < Φ
0 >= 0. A relationship between VEVs is possible as the
5symmetry also constrains the form of the Higgs potential. If there isn’t a cancellation the element of the mass matrix
is unrestricted by the symmetry – it is a free parameter of the model.
Consequently, a symmetry does not dictate the relationship between any elements in the mass matrix. What the
symmetry does do is force some elements of the mass matrix to be zero, leaving all other elements unrestricted. This is
true for instances where there is cancellation, and when there isn’t a cancellation. This makes the analysis of Abelian
groups easier, as only mass matrices with zero and unrestricted elements need to be considered, and analysis of the
Higgs potential is not required.
There is only one Dirac mass matrix of this type that is form-diagonalisable – the diagonal matrix which is
diagonalised by the identity – so most charged lepton diagonalisation matrices will depend on the elements that are
unrestricted by the symmetry. Partially form-diagonalisable matrices are possible, for example a mass matrix which
is in 2 × 2 block diagonal form, is diagonalised by a unitary matrix which is in 2× 2 block diagonal form, which has
one Euler angle depending on the free parameters, and the other two angles zero.
Similarly, the Dirac neutrino-Higgs coupling matrices are restricted by a diagonal transformation,
κDirac ij = (X
†
L)iiA
†
Φ
κDirac ij(XνR)jj , (19)
which also yields mass matrices with elements that are either zero or unrestricted. The dimension-5 neutrino-Higgs
coupling matrix is constrained by
κij = (X
†
L)iiA
†
Φ
κijA
∗
Φ(X
∗
L)jj . (20)
which also constrains some mass matrix elements to be zero. However, as Majorana mass matrices are symmetric,
more form-diagonalisable mass matrices can be created. These mass matrices have a pseudo-Dirac form:
 0 a 0a 0 0
0 0 b

 is diagonalised by

 1/
√
2 −1/√2 0
1/
√
2 1/
√
2 0
0 0 1

 ≡ Uν1, (21)

 a 0 00 0 b
0 b 0

 is diagonalised by

 1 0 00 1/√2 −1/√2
0 1/
√
2 1/
√
2

 ≡ Uν2, (22)

 0 0 a0 b 0
a 0 0

 is diagonalised by

 1/
√
2 0 −1/√2
0 1 0
1/
√
2 0 1/
√
2

 ≡ Uν3. (23)
The neutrinos that are mixed have mi = −mj.
Partially form-diagonalisable matrices also can be created:

 0 a ba 0 0
b 0 0

 is diagonalised by


− 1√
2
e−iσ 1√
2
e−iσ 0
sin θ√
2
e−iσ sin θ√
2
e−iσ cos θ
cos θ√
2
cos θ√
2
− sin θeiσ

 ≡ Uν4, (24)

 0 a 0a 0 b
0 b 0

 is diagonalised by


sin θ√
2
e−iσ sin θ√
2
e−iσ cos θ
− 1√
2
e−iσ 1√
2
e−iσ 0
cos θ√
2
cos θ√
2
− sin θeiσ

 ≡ Uν5, (25)

 0 0 a0 0 b
a b 0

 is diagonalised by


cos θ√
2
cos θ√
2
− sin θeiσ
sin θ√
2
e−iσ sin θ√
2
e−iσ cos θ
− 1√
2
e−iσ 1√
2
e−iσ 0

 ≡ Uν6. (26)
where θ and σ are angles which depend on the parameters a and b. Again, the two neutrinos that are maximally
mixed have mi = mj .
Right handed Majorana mass matrices are constrained by a diagonal transformation by
MR ij = (X
T
νR)iiMR ijXνR jj , (27)
and can also generate the form-diagonalisable matrices in equations (21 – 26).
6D. Non-Abelian groups
For family symmetries where the Higgs fields do not transform, non-Abelian symmetries ensure that at least two
charged leptons must be degenerate [18]. In this case the mass matrix is constrained by the symmetry through the
equation Mℓ = X
†
LMℓXℓR. Consider the mass basis, where Mℓ is diagonal. Non-Abelian representations cannot be
equivalent to a diagonal representation, so the transformation associated with the mass basis will mix the mass matrix
elements, and ensure that at least two of the masses are equal. For cases with more than one transforming Higgs field,
the mass matrices are made up of a number of Yukawa matrices, and the transformations act on these matrices in a
more complicated way than the one Higgs field case. Non-Abelian transformations no longer neccesarily force equal
mass constraints, and as a result cannot be ruled out in the same way as in Ref [18].
III. MIXING ANGLES THAT CAN BE GENERATED BY ABELIAN GROUPS
A. Mass matrices to investigate
To find the types of mixing matrices that can be created by Abelian groups a program was created to generate all
sets of neutrino and charged lepton mass matrices with zero and unrestricted elements. For a given set of neutrino
and charged lepton mass matrix types two sets of mass matrices were created – each with the same textures (i.e. the
same positions of the zeros), but different random numbers were used for the elements that were unrestricted. The
unitary diagonalisation matrix was found for each mass matrix, and two mixing matrices were created and compared.
If an angle was the same for both mixing matrices, the value of the angle was due to the textures of the mass matrices,
and thus, a result of the symmetry. If an angle was different for the two mixing matrices then the angle’s value was
due to the random numbers in the mass matrices, and not concerned with the symmetry.
This was done for Dirac neutrinos, Majorana neutrinos which gained mass from a dimension-5 operator, and seesaw
neutrinos. For seesaw neutrinos only right-handed Majorana neutrino mass matrices that were invertible were used,
as non-invertible matrices generate less than three ultra-light neutrinos [28, 29].
B. Results
1. Abelian groups can generate zero and maximal mixing angles
The only form-diagonalisable Dirac mass matrices that can be generated by Abelian groups create diagonalisation
matrices with Euler angles equalling zero (Sec. II C). Consequently, mixing angles for Dirac neutrinos are either zero,
or unfixed by the symmetry, meaning Dirac neutrino models can ensure θ13 = 0 but cannot fix the atmospheric or
solar mixing angles. These angles will be free parameters and can take any value. In some cases these two mixing
angles can be related to lepton masses.
Majorana neutrino mass matrices, from seesaw and dimension-5 operators, can create fixed zero mixing angles,
and also create fixed maximal mixing angles from the pseudo-Dirac type mass matrix (Eq. (21 – 26)). This looks
promising for creating a maximal atmospheric mixing angle, and the fact that maximal mixing angles can only be
generated from Majorana matrices perhaps could be a key to explaining why lepton mixing angles are large but quark
mixing angles are not. Unfortunately, it was found that the maximal mixing angle cannot correspond to atmospheric
mixing.
2. Conditions for maximal mixing
Mixing angles that are fixed to be maximal can only arise from the form-diagonalisable Majorana mass matrices
listed in equations 21 – 26. These matrices have a 2 × 2 pseudo-Dirac block and the maximally mixed neutrinos
always have mi = −mj , corresponding to δm2 = 0. This means that there will be no oscillation, however a small
mass squared difference could be created by breaking the symmetry.
To demonstrate the difficulty in generating maximal atmospheric mixing, consider mixing matrices that have θ13 = 0
and one maximal mixing angle. Matrices of this type must have a pseudo-Dirac neutrino diagonalisation matrix (Eq.
7(21 – 26)) and a charged lepton diagonalisation matrix that has either zero or one mixing angle. That is,
Uℓ1 = I, Uℓ2 =

 cosα − sinα 0eiδ sinα eiδ cosα 0
0 0 1

 , Uℓ3 =

 1 0 00 cosα − sinα
0 eiδ sinα eiδ cosα

 , Uℓ4 =

 cosα 0 − sinα0 1 0
eiδ sinα 0 eiδ cosα

 , (28)
where α and δ are angles undefined by the symmetry.
Charged lepton diagonalisation matrices with more than one mixing angle cannot produce mixing matrices with
zero and maximal mixing angles, so the only combinations of diagonalisation matrices that have both θ13 = 0 and a
maximal mixing angle are
UMNS1 = U
†
ℓ1Uν1 =

 1/
√
2 −1/√2 0
1/
√
2 1/
√
2 0
0 0 1

 , (29)
UMNS2 = U
†
ℓ1Uν2 =

 1 0 00 1/√2 −1/√2
0 1/
√
2 1/
√
2

 , (30)
UMNS3 = U
†
ℓ1Uν4 = U
†
ℓ3Uν4 = U
†
ℓ3Uν1 =


− 1√
2
1√
2
0
sin θ√
2
sin θ√
2
cos θ
cos θ√
2
cos θ√
2
− sin θ

 . (31)
where the Uνi’s are given in Eqs: (21-26)
The only mixing matrix that has maximal atmospheric mixing is UMNS2, which also has a very unsatisfactory solar
mixing angle of zero. UMNS3 has maximal solar mixing, but the atmospheric angle is not dictated by the symmetry.
The program that was written (see Sub.Sec. III A) also searched for fixed mixing angles without the θ13 = 0
constraint and found that θ23 is still unfixed by the symmetry, therefore the only aspect of the mixing matrix form of
Eq. (1) that can be generated by a symmetry is θ13 = 0. It is not possible to demonstrate this result in a concise way
in this paper: it is instead the result of a systematic computer-aided search. We have seen that the mixing angles
can be zero, maximal or unfixed by the symmetry. The unfixed mixing angles can be either related to fermion masses
or completely free variables. The possible ways in which mixing angles can be related to masses was not analysed
by the program, however, for the cases where θ13 = 0 mass-mixing angle relationships were worked out by hand
(Sub.Sec.IVB) .
Note that the fact that solar mixing can be forced to be maximal and atmospheric mixing angle cannot be forced to
be maximal does not indicate any fundamental difference between the flavours. If one mixing matrix can be predicted
by an Abelian group, so can the mixing matrix with rows permuted. Permuting the rows corresponds to interchanging
e, µ or τ , so the whole set of possible neutrino mixing matrices are flavour symmetric.
The mixing angles, defined as Euler angles, however are not flavour symmetric. The probability that a neutrino of
flavour ℓ is detected as flavour ℓ′ after a distance x is given by
Pℓ→ℓ′(x) =
∑
m
U2ℓmU
2
ℓ′m +
∑
m′ 6=m
UℓmUℓm′Uℓ′m′Uℓ′m cos
(
2π
x
Lmm′
)
(32)
where Lmm′ = 2π
2pnu
δm2
mm′
. When θ13 = 0, the probability of an electron neutrino being detected as an electron neutrino
after a distance x is
Pe→e(x) = 1− sin2 2θ12 sin2
(
πx
L12
)
, (33)
and is only dependent on θ12. The probability of a muon neutrino being detected as a muon neutrino after a distance
x,
Pµ→µ(x) = sin4 θ12 cos4 θ23 + cos4 θ12 cos θ423 + sin
4 θ23 + 2 sin
2 θ12 cos
2 θ12 cos
4 θ23 cos
(
2π
x
L12
)
(34)
+2 sin2 θ12 cos
2 θ23 sin
2 θ23 cos
(
2π
x
L13
)
+ 2 cos2 θ12 cos
2 θ23 sin
2 θ23 cos
(
2π
x
L23
)
, (35)
is dependent on both non-zero mixing angles. So when θ13 = 0 a maximal solar mixing angle corresponds to a
maximum amplitude of oscillation – an electron neutrino will oscillate into a state with no electron neutrino component.
Maximal atmospheric mixing means that there is a mass eigenstate that is an equal superposition of νµ and ντ and
does not imply a maximum amplitude of oscillation in the three flavour case.
8Mν Mℓ Smallest Symmetry Mass Restrictions
1

 A B 0B D 0
0 0 F



 a 0 00 d e
0 f g

 Dimension-5: 3 Higgs doublets, Z7
Seesaw: Z4
No mass restrictions
2

 A B 0B 0 0
0 0 F



 a 0 00 d e
0 f g

 Dimension-5: Z5
Seesaw: Z4
θ12 is related to neutrino masses
giving neutrino mass hierarchy.
3

 0 A 0A B 0
0 0 C



 a 0 00 d e
0 f g

 Dimension-5: 3 Higgs doublets Z9
Cannot be generated with seesaw neutrinos
θ12 is related to neutrino masses
giving neutrino mass hierarchy.
4

 A B CB 0 0
C 0 0



 a 0 00 d e
0 f g

 Dimension-5: Z5
Seesaw: Z5
θ12 related to neutrino masses
giving nearly maximal solar mixing
therefore ruled out by experiment
5

 A B 0B D 0
0 0 F



 0 0 0a b c
d e f

 Dimension-5: 3 Higgs doublets required Z7
Seesaw: Z4 or Z3 if m3 = 0
me = 0
6

 A B 0B 0 0
0 0 C



 0 0 0a b c
d e f

 Dimension-5: Z5
Seesaw: Z5
me = 0
θ12 related to neutrino masses
giving a hierarchical neutrino mass pattern
7

 0 A 0A B 0
0 0 C



 0 0 0a b c
d e f

 Dimension-5: 3 Higgs doublets Z9
Cannot be generated with seesaw neutrinos
me = 0
θ12 related to neutrino masses
giving a hierarchical neutrino mass pattern
8

 A B CB 0 0
C 0 0



 0 0 0a b c
d e f

 Dimension-5: Z5
Seesaw: Z5
θ12 related to neutrino masses
giving nearly maximal solar mixing
therefore ruled out by experiment
9

 A B 0B D 0
0 0 F



 0 0 a0 0 b
c d e

 Dimension-5: Z4
Seesaw: Z4
me = 0
10

 A B 0B D 0
0 0 F



 0 a 00 b 0
0 c d

 Dimension-5: Z4
Seesaw: Z4
me = 0
TABLE I: Mass matrices for Majorana neutrinos that give θ13 = 0. Two Higgs doublets are required unless otherwise stated.
IV. MASS MATRICES AND SYMMETRIES THAT PRODUCE θ13 = 0
There are several sets of charged lepton and neutrino mass matrices that can produce θ13 = 0, some of which
can be created from a symmetry. The ones that can be related to a symmetry, and do not force the muon or tau
leptons to be massless are listed in tables I and II, along with the smallest symmetry group that can produce the mass
matrices. All cases that can be generated by a symmetry require two Higgs doublets, unless otherwise stated in the
table. Cancellation within the mass matrix was not considered, nor was the possibility of VEVs equalling zero (i.e.
if M ijℓ = 0, then it was assumed that λ
ij
1,2,...,n = 0). With these assumptions, diagonal Higgs transformations give
the same mixing matrices as equivalent non-diagonal representations (see App. B), so to find the smallest symmetry
group only diagonal transformations were investigated. It is possible that a smaller group than that listed could
produce the mixing matrices if there are cancellations or zero VEVs.
The smallest group that can give θ13 = 0 is Z3, the group of addition modulo 3. Z2 gives the same mixing
matrices that can be generated in the single Higgs doublet case, as analysed in Ref. [18] and are either unrestricted
or experimentally ruled out. This is shown in App. C.
9Mν Mℓ Smallest Symmetry Mass Restrictions
1

 A B 0C D 0
0 0 E



 a 0 00 b c
0 d e

 Z4 No mass restrictions
2

 A B CD E F
0 0 0



 a 0 00 b c
0 d e

 Z4 m3 = 0
3

 A B 0C D 0
0 0 E



 0 0 0a b c
d e f

 Z4 me = 0
4

 A B CD E F
0 0 0



 0 0 0a b c
d e f

 Z3 me = 0 and m3 = 0
5

 A B 0C D 0
0 0 E



 0 0 a0 0 b
c d e

 Z4 me = 0
6

 A B CD E F
0 0 0



 0 0 a0 0 b
c d e

 Z4 me = 0 and m3 = 0
7

 A B 0C D 0
0 0 E



 0 a 00 b 0
0 c d

 Z4 me = 0
8

 A B CD E F
0 0 0



 0 a 00 b 0
0 c d

 Z4 me = 0 and m3 = 0
TABLE II: Mass matrices for Dirac neutrinos that give θ13 = 0. Transpositions of the columns of the mass matrices do not
alter the masses, the mixing matrix, or the symmetry. Two Higgs doublets are required unless otherwise stated.
A. Examples of symmetry transformations
For seesaw neutrinos the mass matrices in the first row of table I can be generated by the Z4 transformation
AΦ =
(
i 0
0 −1
)
, XL =

 i 0 00 1 0
0 0 −i

 , XℓR = XνR =

 1 0 00 −1 0
0 0 −1

 . (36)
The first row of mass matrices in table II can be generated by the Z4 transformation
AΦ =
(
1 0
0 i
)
, XL =

 i 0 00 1 0
0 0 −i

 , XℓR =

 i 0 00 −i 0
0 0 −i

 , XνR =

 i 0 00 i 0
0 0 −i

 . (37)
For many cases the Dimension-5 mass matrices require larger symmetries or additional Higgs doublets. This is
because the seesaw and Dirac cases have extra freedom due to the transformation of the right-handed neutrino.
The first row of matrices in table I can be generated by a Z7 transformation involving three Higgs doublets:
Aφ =

 1 0 00 β2 0
0 0 β

 XL =

 β
6 0 0
0 1 0
0 0 β2

 XℓR =

 β
6 0 0
0 1 0
0 0 1

 (38)
where β = e2πi/7.
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B. Mass and mixing angle relationships
Section III B established that none of the mass matrices that give θ13 = 0 can give a fixed atmospheric mixing
angle. In fact, it can be shown by diagonalising the mass matrices of tables I and II, that the atmospheric mixing
angle is also unrelated to masses – it is a free variable for all θ13 = 0 cases.
In cases where a Majorana mass matrix is the source for the solar mixing angle, the mixing angle can relate to the
masses. These cases are the Majorana neutrino matrices from rows 2 – 4 and 5 – 8 of table I.
The neutrino mass matrix of rows 2 and 6 of table I
 A B 0B 0 0
0 0 D

 , (39)
relate the masses and mixing angle by
tan 2θsol =
2
√−m1m2
m1 +m2
. (40)
Using the approximate values for δm212 ≈ 7.5× 10−5eV 2 and θsol ≈ 33◦, the neutrino masses must be approximately
hierarchical, with |m1| ∼ 9 × 10−3eV , |m2| ∼ 4 × 10−3eV , and |m3| ∼ 0.04 eV . Rows 4 and 7 give the same mass
pattern except m1 and m2 are interchanged.
The mass matrices of rows 5 and 8 are even more constrained. There are only 3 free variables in these neutrino mass
matrices, and these free variables describe two masses, the solar mixing angle, and a contribution to the atmospheric
mixing angle. As a result the mixing angles and masses must be related:
m1 =
1
2
(|A| ±
√
|A|2 + 4(|B|2 + |C|2)), (41)
m2 =
1
2
(|A| ∓
√
|A|2 + 4(|B|2 + |C|2)), (42)
m3 = 0, (43)
tan(2θ12) =
2
√
|B|2 + |C|2
A
, (44)
tan θ23ν =
|C|
|B| , (45)
where θ23ν , along with the diagonalisation angle from the charged lepton mixing matrix form the atmospheric mixing
angle. To achieve δm212 ≪ δm223, |A| ≪
√
|B|2 + |C|2 is required, and the neutrino mass matrix becomes close to the
partially form-diagonalisable matrix of Eq. 24, giving very nearly maximal solar mixing. This has been ruled out by
experiment.
C. Flavour changing neutral currents
Models involving a number of Higgs doublets and Abelian symmetries naturally predict flavour changing neutral
currents (FCNCs) for charged leptons and neutrinos [30], and the models presented in this paper are likely to be no
exception. However it is possible that the flavour symmetry somehow suppresses the FCNCs. Many of the charged
lepton mass matrices listed in tables I and II only mix µ and τ , and do not mix electrons, meaning that the most
experimentally constrained FCNC processes (such as µ → eee) are not allowed. However the decay τ → µµµ is
allowed, and as large off diagonal elements in the Yukawa coupling matrices are required to give large mixing angles,
this transition is not likely suppressed. However, it is possible that some action of the flavour symmetry on the Higgs
fields can prevent the FCNCs from becoming too large.
V. CONCLUSION
The best fit neutrino mixing matrix Eq. (1) has a few peculiar aspects; it is very different from the CKM matrix,
and it has one maximal mixing angle and one minimal mixing angle. It would be pleasing to find that this pattern
can be generated by a symmetry.
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Earlier work [18] showed that unbroken lepton family symmetries alone can only produce mixing matrices which
are not allowed experimentally. This paper continues the search for a symmetry explanation to the form of the mixing
matrix. The models considered are extensions of the SM that include a number of Higgs doublets and discrete Abelian
symmetries that transform the Higgs and lepton families.
Symmetries of this type can only fix mixing angles to be zero or maximal, otherwise the angle can be any value
as it depends on the free parameters of the model. This is due to the fact that all Abelian representations are
equivalent to diagonal representations. In the diagonal basis Abelian symmetries can only dictate whether an element
in a mass matrix is zero or unrestricted; no relationships between mass matrix elements can be generated, so only a
few form-diagonalisable mass matrices can be generated, and most mixing angles are not fixed by the symmetry. A
small number of Majorana mass matrices can generate maximal mixing, however, this mixing cannot correspond to
the atmospheric mixing angle. The characteristic of Eq. (1) that can be produced by Abelian family symmetries is
θ13 = 0. This requires at least two Higgs doublets and a Z3 or larger family symmetry.
Although Abelian symmetries have limited ability in predicting fixed mixing angles, symmetries can relate lepton
masses and mixing angles. For the cases where θ13 is forced to be zero, the solar mixing angle can be related to
neutrino masses. This relationship fixes the neutrino mass pattern to be hierarchical.
Non-Abelian family symmetries may produce better results, as they can relate different elements in the mass matrices
together, possibly creating form-diagonalisable matrices that cannot be generated with Abelian groups. Extending
the Higgs sector by including triplet Higgs fields to generate neutrino mass is also likely to increase the possible types
of mixing matrices.
The approach taken here, to find the minimal model that explains the neutrino mixing matrix, has succeeded
in explaining one of the interesting aspects of the mixing. However, the models that can explain θ13 = 0 are not
particularly simple. Fixing this one variable requires the introduction of extra Higgs doublets, which additionally can
lead to flavour changing neutral currents. These results suggest that the minimal model route may not readily yield
a satisfactory explanation for the mixing parameters. This could be a consequence of considering neutrino mixing
independently of other unresolved issues in particle physics, such as mass hierarchy and quark mixing. Perhaps the
answer can only be found by finding a model that simultaneously addresses several of these problems.
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APPENDIX A: EQUIVALENT REPRESENTATIONS OF THE LEPTON TRANSFORMATIONS YIELD
IDENTICAL PREDICTIONS
Two equivalent representations for the fermion transformations, AL, AℓR, AνR and BL, BℓR, BνR, are related by
BL = S
†
LALSL, (A1)
BℓR = S
†
ℓRAℓRSℓR, (A2)
BνR = S
†
νRAνRSνR. (A3)
where SL, SℓR and SνR can be any 3× 3 unitary matrices.
1. Charged leptons
The Yukawa matrices arising from the B transformations are denoted by a B subscript. The restrictions from the
B transformations on the charged lepton Yukawas (from Eq. (10)) are
λB = B
†
LA
T
ΦλBBℓR (A4)
= S†LA
†
LSLA
T
ΦλBS
†
ℓRAℓRSℓR. (A5)
Rearranging gives
SLλBS
†
ℓR = A
†
LSLA
T
ΦλBS
†
ℓRAℓR (A6)
= ATΦA
†
L(SLλBS
†
ℓR)AℓR. (A7)
12
(XT
Φ
commutes with U †LSL, as they operate in different spaces).
The charged lepton Yukawa restrictions for A transformations are λA = A
T
Φ
A†LλAAℓR. SLλBS
†
ℓR has the same
restrictions from the symmetry as λA. As the mass matrices are completely unconstrained apart from the generation
symmetry constraints, we can set SLλBS
†
ℓR = λA. This means that the charged lepton mass matrix from the A
representation can be given by
MℓA = λA < Φ >
T= SLλ
BS†ℓR < Φ >
T= SLMℓBS
†
ℓR. (A8)
If MℓA is diagonalised by U
A
ℓL, and U
A
ℓR, then MℓB will be diagonalised by U
B
ℓL = SLU
A
ℓL and U
A
ℓR = SℓRU
A
ℓR.
2. Dimension-5 neutrino masses
Similarly, the conditions on the dimension-5 neutrino coupling matrices mean we can identify
κA = SLκBS
T
L , (A9)
and the two mass matrices can be related by
MνA =< Φ >
† κA < Φi >∗=< Φ >† SLκBSTL < Φi >
∗= SL < Φ >† κB < Φi >∗ STL = SLMνBS
T
L . (A10)
MνA is diagonalised by UνA, and MνB is diagonalised by UνB = SLUνB, giving identical mixing matrices for the
two transformations,
UMNSB = U
B†
ℓL
UBν = U
A†
ℓL
S†LSLUν = UMNSA. (A11)
3. Dirac neutrinos
The neutrino Yukawa restrictions for the two transformations are related by SLκDiracBS
†
νR = κDiracA, and the two
mass matrices can be related by SLMνBS
†
νR = MνA . This gives diagonalisation matrices related by U
B
νL = SLU
A
νL.
The mixing matrix is, therefore, the same for both transformations:
UBMNS = U
B†
ℓL
UBνL = U
A†
ℓL
S†LSLU
A
νL = U
A
MNS. (A12)
4. Seesaw neutrinos
The right-handed Majorana mass matrix is restricted by Eq. (16), giving
MRB = B
T
νRMRBBνR = S
T
νRA
T
νRS
∗
νRMRBS
†
νRAνRSνR, (A13)
while MRA is constrained by MRA = A
T
νRMRAAνR. MRA can be equated to SνRMRBS
T
νR, as they have the same
constraints from the symmetry.
The Dirac neutrino mass is as above: SLMDiracBS
†
νR =MDiracA. The resultant neutrino mass matrix is
MνA =MDiracAM
−1
R M
T
DiracA = SLMDiracBMRBM
∗
DiracBS
T
L = SLMνBS
T
L . (A14)
The seesaw mass matrices are related to each other in the same way as the dimension-5 mass matrices. Using the
result from Sub.Sec.A 2, the mixing matrices from the two representations are equal.
APPENDIX B: EQUIVALENT REPRESENTATIONS FOR THE HIGGS TRANSFORMATION GIVE
THE SAME MIXING PREDICTIONS IN MOST CASES
Two equivalent representations for the Higgs transformations AΦ and BΦ, are related by
BΦ = S
†AΦS. (B1)
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The Yukawa matrices arising from the A and B transformation are denoted by an A or B subscript.
The charged lepton Yukawa restrictions for the B transformation are
λB = X
†
LB
T
ΦλBXℓR (B2)
= X†LS
TATΦS
∗λBXℓR. (B3)
Rearranging gives
S∗λB = X
†
LA
T
ΦS
∗λBXℓR. (B4)
The restriction from the A transformation is
λA = X
†
LA
T
ΦλAXℓR. (B5)
λA has the same restrictions as S
∗λB , so they can be equal: λA = S∗λB. The mass matrix MℓA is a linear
combination of λ1,2,..,nA , therefore it is also a linear combination of λ
1,2,...,n
B . If the symmetries do not dictate the
ratios between the Higgs VEVs (e.g. for two Higgs fields
<φ0
1
>B
<φ0
2
>B
and
<φ0
1
>A
<φ0
2
>A
are unfixed) then MℓB can be any linear
combination of λB , and MℓB can be any linear combination of λA. Therefore MℓB has the same restrictions from the
symmetry as MℓA, and the different equivalent representations make the same predictions.
If there is a relationship between the VEVs it is possible to get extra zeros in the mass matrices. This occurs when
the ijth elements of the λ matrices are non-zero, but M ijℓ =< φ
0 >T λij = 0, due to a special relationship between
the VEVs and elements in the λ matrices. Also if one of the VEVs from a particular representation is equal to zero,
then it is also possible for more zeros to be created in the mass matrix.
The neutrino mass matrices are also unchanged by a change of representation . Both MνA and MνB are linear
combinations of the same κ matrices. The dimension-5 Higgs-neutrino coupling has
κB = X
†
LB
†
Φ
κBB
∗
ΦX
∗
L (B6)
= X†LS
†AΦSκBSTA∗ΦS
∗X∗L (B7)
(SκBS
T ) = X†LAΦ(SκBS
T )A∗ΦX
∗
L, (B8)
so SκBS
T can be equated to κA, and MνA and MνB are both linear combinations of κB matrices.
For Dirac neutrinos
κB = X
†
LB
†
Φ
κBXνR, (B9)
= X†LS
†A†
Φ
SκBXνR, (B10)
(SκB) = X
†
LA
†
Φ
(SκB)XνR, (B11)
so SκB and κA can be equated, and MνA and MνB are linear combinations of the same κ matrices. Again, if the
ratios between the mass matrices are not defined by the symmetry, any linear combination is a valid mass matrix,
therefore both mass matrices are constrained by the symmetry in the same way.
When there is cancellations or zero VEVs, the only change to the mass matrix is some extra zero elements.
APPENDIX C: Z2 SYMMETRIES GENERATE MIXING MATRICES THAT ARE EITHER RULED OUT,
OR UNCONSTRAINED
Applying a Z2 Higgs transformation twice leaves the Higgs fields unchanged, so for the mixing matrix to be allowed
by the no-go theorem of [18], X2L = X
2
ℓR = X
2
νR = ±I. For diagonal Higgs transformations, the components of AΦ will
also be 1 or −1. This appendix shows that mass matrices generated by a Z2 transformation have equivalent restrictions
to mass matrices generated by family symmetries when the Higgs field is not transforming. These restrictions are
Mℓ = X
†
LMℓXℓR for charged leptons, MDirac = X
†
LMDiracXνR for Dirac neutrinos, Mν = X
†
LMνX
∗
L for dimension-5
neutrinos, and MR = X
T
νRMRXνR for right-handed Majorana neutrinos. These situations have been ruled out by the
theorem in [18].
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1. Assuming no cancellations and no zero VEVs
Due to the result of appendix B diagonal Higgs transformations can be used, and AΦ can have 1 or −1 as diagonal
elements. For AΦ = I the Higgs fields do not transform – this is equivalent to the single Higgs field case. For AΦ = −I,
the restrictions on the charged lepton Yukawas reduces from λ = X†LA
T
Φ
λXℓR to λ = −X†LλXℓR - which is equivalent
to a single Higgs doublet scenario where the right-handed Higgs fields transform with −XℓR. The dimension-5 neutrino
restrictions do not change and the Dirac neutrino Yukawa restrictions are the same as the single Higgs case when the
right handed neutrinos transforms under −XνR.
When AΦ is made up of both 1s and −1s, the restrictions on the charged lepton mass matrix are (from Eq.(18))
M ijℓ = 0 unless (X
†
L)
iiXjjℓR = 1 or −1.
This condition holds for all i and j, so the charged lepton mass matrix is unrestricted by the symmetry. The
restrictions on a dimension-5 neutrino mass matrix are similar (from Eq. (20)); M ijν = 0 unless (X
†
L)
iiX∗jjL = 1 or
−1, which also will hold for all i and j, meaning that the neutrino mass matrix is also unrestricted by the symmetry.
Dirac neutrinos will also be unrestricted, and as a result, the seesaw neutrinos will be unrestricted by the symmetry.
2. Including the possibility of cancellations
a. Charged leptons
Cancellations in the charged lepton mass matrix means that for some i, j,Mℓij = λ
1
ij < Φ1 > +λ
2
ij < Φ2 > +... = 0,
while the λij are non-zero. This will only occur for particular ij’s where there is a certain relationship between the
λ’s, and the VEVs. For Z2 Higgs transformations there can be only two possible relationships:
• λij = ATΦλij , which occurs when (X†L)iiXjjℓR = 1. If there is a cancellation for this Yukawa relationship, the
cancellations add zeros into the mass matrix in exactly the same way as the condition Mℓ = −X†LMℓXℓR.
• λij = −ATΦλij , which occurs when (X†L)iiXjjℓR = −1. If this relationship led to a cancellation, the restrictions
on the mass matrix would be identical to the conditions from Mℓ = X
†
LMℓXℓR.
b. Dimension-5 neutrinos
If there is cancellation in the neutrino mass matrix, the cancellation will occur for one of two relationships between
the coupling matrices.
• Cancellation when κij = A†
Φ
κijA∗
Φ
, is equivalent to the restriction Mν = −X†LMνX∗L.
• Cancellation when κij = −A†
Φ
κijA∗
Φ
, is equivalent to the restriction Mν = X
†
LMνX
∗
L.
All combinations of charged lepton mass matrix restrictions and neutrino mass matrix restrictions are the same as
restrictions for single Higgs field cases.
c. Dirac neutrinos
The two relationships between the Yukawa coupling terms are κij = ±AΦκij .
• Cancellation when κij = +AΦκij is equivalent to Mν = −X†LMνXνR.
• Cancellation when κij = −AΦκij is equivalent to the restriction Mν = X†LMνXνR.
All combinations of neutrino and charged lepton mass matrix restrictions are equivalent to single Higgs cases, in the
same way as the dimension-5 neutrinos.
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d. Seesaw neutrinos
The cancellation in the Dirac neutrino mass matrix is just the same as above, the heavy Majorana mass matrix is
restricted by the symmetry by MM = X
†
νRMMX
∗
νR . The constraints from all cancellation possibilities are identical
to restrictions from single Higgs doublet cases .
3. Zero VEVs
If the Higgs transformation is diagonal, and < φ01 >= 0, then the mass matrix is a linear combination of λ
2,3,...n,
which obey Aα
Φ
X†Lλ
αXℓR = λ
α, where α is the Higgs family index ranging from 2 to n. These restricitons are identical
to a case with one fewer higgs field.
For a non-diagonal Higgs transformation, the different λ matrices are related by λ = X†LA
T
Φ
λXℓR. For Z2 transfor-
mations this reduces to λij = A
T
Φ
λij if (X
†
L)iiX
jj
ℓR = +1, and λij = −ATΦλij if (X†L)iiXjjℓR = −1 – these are just two
sets of simultaneous equations. If the equations allow one or more of λ2,3,..,n to be non-zero, the Mℓij is non-zero,
otherwise the element of the mass matrix will be zero.
There are 4 possibilities:
• Mℓij = 0 if (X†L)iiXℓRjj = 1 otherwise Mℓij is unrestricted. This is the same restriction as Mℓ = −X†LMℓXℓR.
• Mℓij = 0 if (X†L)iiXℓRjj = −1 otherwiseMℓij is unrestricted. This is the same restriction asMℓ = +X†LMℓXℓR.
• Mℓij = 0 for all (X†L)iiXℓRjj .
• Mℓij is unrestricted for all (X†L)iiXℓRjj .
For Dirac neutrinos the situation is similar. The κDirac matrices are related by κDirac = X
†
LA
†
Φ
λXνR. The same
four possible restrictions arise: MDirac = +X
†
LMDiracXνR, MDirac = −X†LMDiracXνR, MDirac is unrestricted, and
MDirac = 0.
For neutrinos with masses due to a dimension-5 operator, the κ matrices are related by κ = X†LA
†
φκA
∗
φX
∗
L. The
possible restrictions on the neutrino mass matrix are: Mν = +X
†
LMνX
∗
L, Mν = +X
†
LMνX
∗
L, Mν is unrestricted, and
Mν = 0.
A right-handed Majorana mass matrix is unaffected by the VEVs, so the usual restriction applies: MR =
XTνRMRXνR.
The combinations of neutrino and charged lepton mass matrix restrictions give four possibilities: The restrictions
are identical to single Higgs field cases, the neutrinos are massless, the charged leptons are massless, or the mixing
matrix is unconstrained by the symmetry. Therefore a Z2 transformation predicts mixing matrices that are either
ruled out or unconstrained by the symmetry.
Note that this does not mean that groups which have Z2 as a subgroup can be ruled out. If the Z2 subgroup gives
mixing matrices that are not allowed, then the group is ruled out. However, if the Z2 subgroup leaves the masses and
mixing angles unrestricted, then the group is still allowed.
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